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ON THE THEORY OF 1-MOTIVES
LUCA BARBIERI-VIALE
Abstract. This is an overview and a preview of the theory of mixed
motives of level ≤ 1 explaining some results, projects, ideas and indi-
cating a bunch of problems.
Dedicated to Jacob Murre
Let k be an algebraically closed field of characteristic zero to start with
and let S = Spec(k) denote our base scheme. Recall that Murre [46] asso-
ciates to a smooth n-dimensional projective variety X over S a Chow coho-
mological Picard motive M1(X) along with the Albanese motive M2n−1(X).
The projector π1 ∈ CHn(X × X)Q defining M1(X) is obtained via the
isogeny Pic0(X)→ Alb(X) between the Picard and Albanese variety, given
by the restriction to a smooth curve C on X since Alb(C) = Pic0(C) (such
a curve is obtained by successive hyperplane sections). For a survey of clas-
sical Chow motives see [54] (cf. also [4]).
In the case of curves M1(X) is the Chow motive of X refined from lower
and higher trivial components, i.e., M0(X) and M2(X), such that, for
smooth projective curves X and Y
(1) Hom(M1(X),M1(Y )) ∼= Hom(Pic0(X),Pic0(Y ))Q
by Weil (see [58, Thm. 22 on p. 161] and also a remark of Grothendieck
and Manin [41]). Furthermore, the semi-simple abelian category of abelian
varieties up to isogeny is the pseudo-abelian envelope of the category of Ja-
cobians and Q-linear maps. Thus, such a theory of pure motives of smooth
projective curves is known to be equivalent to the theory of abelian varieties
up to isogeny, as pointed out by Grothendieck: one-dimensional (pure) mo-
tives are abelian varieties.
This formula (1) suggests that we may take objects represented by Pic-
functors as models for larger categories of mixed motives of any kind of
curves over arbitrary base schemes S. However, non representability of Pic
for open schemes, forces to refine our models. Let X be a closure of X
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with divisor at infinity X∞, i.e., X = X−X∞. For X smooth we have that
Pic(X) is the cokernel of the canonical map Div∞(X)→ Pic(X) associating
D 7→ O(D), for divisors D on X supported at infinity. Thus we may set
our models following Deligne [23] and Serre [55] as
(2) [Div0∞(X)→ Pic0(X)]
when X is smooth over S = Spec(k), by mapping algebraically equivalent
to zero divisors at infinity to line bundles. Therefore, a vague defintion of
our categories of 1-motives M can be visioned as two terms complexes (up
to quasi-isomorphisms) of the following kind
M := [L→ G]
where L is discrete-infinitesimal and G is continuous-connected. Moreover,
we expect that a corresponding formula (1) would be available in the larger
category of mixed motives.
1. On Picard functors
Let π : X → S and consider the Picard functor T  PicX/S(T ) on
the category of schemes over S obtained by sheafifying the functor T  
Pic(X ×S T ) with respect to the fppf-topology (= flat topology). This
means that if π : X ×S T → T then
PicX/S(T ) :=H
0
fppf(T,R
1π∗(Gm |X×ST )).
If π∗(OX) = OS or by reducing to this assumption, e.g., if π is proper, the
Leray spectral sequence along π and descent yields an exact sequence
0→ Pic(S)→ Pic(X)→ PicX/S(S)→ H2fppf(S,Gm)→ H2fppf(X,Gm).
Here the e´tale topology will suffices as H ie´t(−,Gm) ∼= H ifppf(−,Gm) for all
i ≥ 0 by a theorem of Grothendieck (see [30, VI.5 p. 126 & VI.11 p. 171]).
If there is a section of π we then have that PicX/S(S) ∼= Pic(X)/Pic(S).
If we set π : X → S proper and flat over a base, the Picard fppf-sheaf
PicX/S would be possibly representable by an algebraic space only. For a
general theory we should stick to algebraic spaces not schemes (see [19,
8.3]). However, as far as S = Spec(k) is a field, we may just consider group
schemes: by Grothendieck and Murre (see [45] and [19, 8.2]) we have that
PicX/k is representable by a scheme locally of finite type over k. As a group
scheme Pic0 usually stands for the connected component of the identity of
Pic and Pic0X/k is an abelian variety (known classically as the Picard variety,
cf. [19, 8.4]) as soon as X is also smooth and k has zero characteristic. Here
NSX :=π0(PicX/k) is finitely generated. In positive characteristic, for X
smooth and proper over k perfect, the connected component of the identity
endowed with its reduced structure Pic0,redX/k is an abelian variety. More
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informations, e.g., on the universal line bundle P on X ×S PicX/S , can be
obtained from [19, §8].
For example, if X is a singular projective curve, in zero characteristic,
and X˜ is the normalization of X we then have an extension1
0→ V ⊕ T → Pic0(X)→ Pic0(X˜)→ 0
where V = Gra is a vector group and T = G
s
m is a torus. The additive
part here is non homotopical invariant, that is, the semi-abelian quotient
is homotopical invariant, e.g., consider the well known example of X =
projective rational cusp: its first singular cohomology group is zero but
Pic0X/k = Ga. For proper schemes in zero characteristic, we can describe the
semi-abelian quotient of Pic-functors as follows.
1.1. Simplicial Picard functors. Let π : X· → X be a smooth proper
hypercovering of X over S = Spec(k). Recall that X· is a simplicial scheme
with smooth components obtained roughly as follows: X0 is a resolution of
singularities ofX , X1 is obtained by a resolution of singularities ofX0×XX0,
etc. Such hypercoverings were introduced by Deligne [23] in characteristic
zero (after Hironaka’s resolution of singularities) but are also available over a
perfect field of positive characteristic (after de Jong’s theory [34]) by taking
X0 an alteration of X (in this case X0 → X is only generically e´tale).
Actually, it is possible to refine such a construction, in characteristic zero,
obtaining a (semi)simplicial scheme X· such that dim(Xi) = dim(X)− i so
that the corresponding complex of algebraic varieties (in the sense of [9]) is
bounded.
1.1.1. Denote Pic(X·) ∼= H1fppf(X·,O∗X·) ∼= H1e´t(X·,O∗X·) the group of
isomorphism classes of simplicial line bundles on X·, i.e., of invertible OX·-
modules. Let PicX·/S be the associated fppf-sheaf on S. Over S = Spec(k)
such PicX·/S is also representable (see [11, A]). The canonical spectral se-
quence for the components of X· yields the following long exact sequence
of fppf-sheaves:
(3)
Ker((π1)∗Gm,X1→(π2)∗Gm,X2 )
Im((π0)∗Gm,X0→(π1)∗Gm,X1 )
→֒ PicX·/S → Ker(PicX0/S → PicX1/S)
→ Ker((π2)∗Gm,X2→(π3)∗Gm,X3 )
Im((π1)∗Gm,X1→(π2)∗Gm,X2 )
where πi : Xi → S are the structure morphisms. By pulling back along
π : X· → X we have the following natural maps
PicX/S
π∗→ PicX·/S → Ker(PicX0/S → PicX1/S).
1In the geometric case, i.e., when k is algebraically closed, PicX/k(k) ∼= Pic(X).
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The most wonderful property of hypercoverings is cohomological descent
that is an isomorphism
H∗e´t(X,F) ∼= H∗e´t(X·, π∗(F))
for any sheaf F on Se´t (as well as for other usual topologies). In particular,
for the e´tale sheaf µm ∼= Z/m of m-rooths of unity on S = Spec(k), k = k
and (m, char(k)) = 1, by (simplicial) Kummer theory (see [11, 5.1.2]) and
cohomological descent we get the following commutative square of isomor-
phisms
H1e´t(X·, µm) ∼= Pic(X·)m−tor‖ ‖
H1e´t(X, µm)
∼= Pic(X)m−tor
The simplicial Ne´ron-Severi group NS(X·) :=Pic(X·)/Pic0(X·) is finitely
generated, therefore the Tate module of Pic(X·) is isomorphic to that of
Pic0(X·) and, by cohomological descent, to that of Pic0(X). Moreover,
Pic0(X·) is the group of k-points of a semi-abelian variety, in which torsion
points are Zariski dense.
1.1.2. Scholium ([11, 5.1.2]). If X is proper over S = Spec(k), k = k of
characteristic 0, and π : X· → X is any smooth proper hypercovering, then
π∗ : Pic0(X)→→Pic0(X·)
is a surjection with torsion free kernel.
As a consequence, we see that the simplicial Picard variety Pic0(X·) is
the semi-abelian quotient of the connected commutative algebraic group
Pic0(X). Moreover, if X is semi-normal, then π∗(O∗X·) = O∗X , and so
π∗ : Pic(X) →֒ Pic(X·) is injective, by the Leray spectral sequence for the
sheaf O∗X· along π; therefore, from 1.1.2 we get
Pic0(X) ∼= Pic0(X·) ∼= Ker0(Pic0(X0)→ Pic0(X1))
whenever Pic(X) →֒ Pic(X0) is also injective (here Ker0 denotes the con-
nected component of the identity of the kernel). Thus, if X is normal
Pic0(X) is an abelian variety which can be represented in terms of X0
and X1 only. If X is only semi-normal a similar argument applies and
Pic0(X) ∼= Pic0(X·) is semi-abelian.
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1.1.3. Homotopical invariance of units and Pic, i.e.,H i(X,Gm) ∼= H i(A1S×S
X,Gm) for i = 0, 1 induced by the projection A
1
S ×S X → X , is easily de-
duced for X smooth. Let A1S ×S X· → X· be the canonical projection;
considering (3) we see that
Pic(X·) ∼= Pic(A1S ×S X·)
since X· has smooth components. Therefore, the semi-abelian quotient
of Pic0(X) is always homotopical invariant. By dealing with homotopical
invariant theories we just need to avoid the additive factors, and Pic0 is
the ‘motivic’ object corresponding to M1 of proper (arbitrarily singular)
S-schemes, i.e., Pic+ in the notation adopted in [11] (cf. [51] and also the
commentaries below 3.1.1).
1.1.4. In positive characteritic p > 0 the picture is more involved and a
corresponding Scholium 1.1.2 is valid up to p-power torsion only. How-
ever, the semi-abelian scheme Pic0,red (X·) is independent of the choices of
the hypercovering X· (see [1, A.2]) furnishing a motivic definition of H1crys
(described in [1], cf. 3.1.4 below).
1.2. Relative Picard functors. For a pair (X, Y ) consisting of a proper k-
scheme X and a closed sub-scheme Y we have a natural long exact sequence
(4) H0(X,O∗X)→ H0(Y,O∗Y )→ Pic(X, Y )→ Pic(X)→ Pic(Y )
induced by the surjection of Zariski (or fppf) sheaves Gm,X → i∗Gm,Y where
i : Y →֒ X is the inclusion; here
Pic(X, Y ) = H1(X,Gm,X → i∗Gm,Y )
is the group of isomorphism classes of pairs (L, ϕ) such that L is a line
bundle on X and ϕ : L |Y∼= OY is a trivialization on Y (see [11, §2]). For
(X, Y ) as above the fppf-sheaf associated to the relative Picard functor
T  Pic(X ×k T, Y ×k T )
is representable by a k-group scheme which is locally of finite type over
k (cf. [11, A]). If Pic0(X) is abelian, e.g., X is normal, the sequence (4)
yields a semi-abelian group scheme Pic0(X, Y ) (cf. [11, 2.1.2]) which can
be represented as an extension (say of k-points over k = k of characteristic
zero)
(5)
H0(Y,O∗Y )
ImH0(X,O∗X)
→֒ Pic0(X, Y )→→Ker0(Pic0(X)→ Pic0(Y ))
where Pic0(X, Y ) is the connected component of the identity of Pic(X, Y ),
the k-torus is Coker ((πX)∗Gm,X → (πY )∗Gm,Y ) where πX : X → Spec k,
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πY : Y → Spec k are the structure morphisms and where Ker0 denotes the
connected component of the identity of the kernel (the abelian quotient is
further described below).
1.2.1. For example, assume X proper (normal) and Y = ∪Yi, where Yi are
the (smooth) irreducible components of a reduced normal crossing divisor Y .
Consider the normalization π :
∐
Yi → Y and observe that π∗ : Pic(Y ) →
⊕Pic(Yi) is representable by an affine morphism (see [11, 2.1.2]). Therefore
Ker0(Pic0(X)→ Pic0(Y )) = Ker0(Pic0(X)→ ⊕Pic0(Yi)).
Moreover, for any such pair (X, Y ), we have that (cf. [11, 2.2]) any relative
Cartier divisor D ∈ Div(X, Y ), i.e., as divisor on X such that the support
|D| ∩Y = ∅, provides (OX(D), 1) which defines an element [D] ∈ Pic(X, Y )
where 1 denotes the tautological section of OX(D), trivializing it onX−|D|.
Here a Cartier divisor D ∈ Div(X, Y ) is algebraically equivalent to zero
relative to Y if [D] ∈ Pic0(X, Y ). Denote Div0Z(X, Y ) ⊂ DivZ(X, Y ) the
subgroup of relative divisors supported on a closed sub-scheme Z ⊂ X
which are algebraically equivalent to zero relative to Y . We also have a
‘motivic’ object
[Div0Z(X, Y )→ Pic0(X, Y )]
which morally corresponds to M1(X − Z, Y ).
1.2.2. Starting from an open scheme X let X be a closure of X with
boundary X∞, i.e., X = X −X∞. For Z = X∞ and Y = ∅ from the pair
(X, ∅) we get (2) and for Y = X∞ we have [Div0Z(X,X∞)→ Pic0(X,X∞)]
(cf. [11, 2.2.1]).
1.3. Higher Picard functors. Let X be an equidimensional k-scheme.
Let
CHp(X) :=Zp(X)/ ≡rat
be the Chow group of codimension p-cycles modulo rational equivalence.
Recall that CH1(X) = Pic(X) if X is smooth but the Chow functor T  
CHp(X ×k T ) for 1 < p ≤ dim(X) doesn’t provide a representable functor
even in the case when X is smooth and proper over k = k.
1.3.1. To supply this defect several proposed generalizations have been in-
vestigated (see [47], [40] and [32]). Consider the sub-group CHp(X)alg of
those cycles in CHp(X) which are algebraically equivalent to zero and let
NSp(X) :=CHp(X)/CHp(X)alg denote the Ne´ron-Severi group. Denote
CHp(X)ab the sub-group of CH
p(X)alg of those cycles which are abelian
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equivalent to zero2, i.e., CHp(X)ab is the intersection of all kernels of reg-
ular homomorphisms from CHp(X)alg to abelian varieties (see [47] for def-
initions and references). The main question here is about the existence of
an ‘algebraic representative’, i.e., a universal regular homomorphism from
CHp(X)alg to an abelian variety. In modern terms, one can rephrase it
(equivalently or not) by asking if the homotopy invariant sheaf with trans-
fers (see [57] for this notion) CHpX/k associated to X smooth is provided
with a universal map to a 1-motivic sheaf (see [8] and [2], also 2.11.2 be-
low). The abelian category Shv1(k) of 1-motivic e´tale sheaves is given by
those homotopy invariant sheaves with transfers F such that there is map
G
f→ F
where G is continuous-connected (e.g., semi-abelian); Ker f and Coker f are
discrete-infinitesimal (e.g., finitely generated). The paradigmatic example
is F = PicX/k for X a smooth k-variety (see [8]). Starting from CHpX/k we
may seek for
cp : CHpX/k → (CHpX/k)(1)
with (CHpX/k)
(1) ∈ Shv1(k) universally. Remark that the key point is to
provide a finite type object as such a universal Ind-object always exists (see
[2]). Namely, CHp(X)
(1)
alg will be related to the ‘algebraic representative’.
1.3.2. Assume the existence of a universal regular homomorphism ρp :
CHp(X)alg → ApX/k(k) to (the group of k-points) of an abelian variety ApX/k
defined over the base field k. This is given by Murre’s theorem for p = 2
(see [47]) and it is clear for p = 1, dim(X) by the theory of the Picard
and Albanese varieties. We then quote the following functorial algebraic
filtration F ∗a on CH
p(X) (cf. [5]):
• F 0aCHp(X) = CHp(X),
• F 1aCHp(X) = CHp(X)alg
• F 2aCHp(X) = CHp(X)ab, i.e., is the kernel of the universal regular
homomorphism ρp above,
• and the corresponding extension
(6) 0→ ApX/k(k)→ CHp(X)/F 2a → NSp(X)→ 0.
Remark that Bloch, Beilinson and Murre (see [35]) conjectured the exis-
tence of a finite filtration F ∗m on CH
p(X)Q (with rational coefficients) such
that F 1mCH
p(X) is given by CHp(X)hom, i.e., by the sub-group of those
codimension p cycles which are homologically equivalent to zero for some
Weil cohomology theory, F ∗mCH
p(X) should be functorial and compatible
with the intersection pairing. The motivic filtration F ∗m will be inducing the
2Note that CHp(X)alg and CH
p(X)ab are divisible groups.
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algebraic (or 1-motivic) filtration F ∗a somehow, e.g., F
∗
a = F
∗
m ∩CHp(X)alg
for ∗ > 0.
Remark that we may even push further this picture by seeking for the
1-motivic algebraically defined extension of codimension p cycles modulo
numerical equivalence by ApX/k(k) (which pulls back to (6), see also 3.2.4
below).
2. On 1-motives
A free 1-motive over S (here S is any base scheme) in Deligne’s definition
(a 1-motif lisse cf. [23, §10]) is a complex M := [L u→ G] of S-group schemes
where G is semi-abelian, i.e., it is an extension of an abelian scheme A by
a torus T over S, the group scheme L is, locally for the e´tale topology
on S, isomorphic to a finitely-generated free abelian constant group, and
u : L→ G is an S-homomorphism. A 1-motive M can be represented in a
diagram
L
↓
0→ T → G → A → 0
An effective morphism of 1-motives is a morphism of the corresponding
complexes of group schemes (and actually of the corresponding diagrams).
Any such a complex can be regarded as a complex of fppf-sheaves. Follow-
ing the existing literature, L is regarded in degree −1 and G in degree 0
(however, for some purposes, e.g., in order to match the conventions in Vo-
evodsky triangulated categories, it is convenient to shift L in degree 0 and
G in degree 1, cf. [8]). We letMfr1 denote the category of Deligne 1-motives
(cf. 2.9 below).
2.1. Generalities. It is easy to see thatMfr1 has kernels and cokernels but
images and coimages, in general, don’t coincide. For kernels, if Kerc(φ) =
[Ker(f)
u→ Ker(g)] is the kernel of φ = (f, g) : M → M ′ as a map of
complexes then Ker(φ) = [Ker0(f)
u→ Ker0(g)] is the pull-back of Ker0(g)
along u, where Ker0(g) is the connected component of the identity of the
kernel of g : G→ G′ and Ker0(f) ⊆ Ker(f).
Similarly, for cokernels, if Cokerc(φ) = [Coker(f)
u′→ Coker(g)] is the
cokernel as complexes and T is the torsion subgroup of Coker(f), as group
schemes, then
Coker(φ) = [Coker(f)/T → Coker(g)/u′(T )]
is a Deligne’s 1-motive which is clearly a cokernel of φ.
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Associated to any 1-motiveM there is a canonical extension (as two terms
complexes)
(7) 0→ [0→ G]→M → [L→ 0]→ 0
2.1.1. Actually, a 1-motive M is canonically equipped with an increasing
weight filtration by sub-1-motives as follows:
Wi(M) =


M i ≥ 0
[0→ G] i = −1
[0→ T ] i = −2
0 i ≤ −3
In particular we have grW−1(M) = [0→ A] and grW0 (M) = [L→ 0].
2.1.2. For S = Spec(k) a 1-motive M = [L
u→ G] over k (a perfect field) is
equivalent to the given semi-abelian k-scheme G, a finitely generated free
abelian group L which underlies a Gal (k/k)-module, a 1-motive [L
u→ Gk]
over k, such that u is Gal (k/k)-equivariant, for the given module structure
on L, and the natural semi-linear action on Gk = G×k k. In fact, the mor-
phism u is determined uniquely by base change to k, i.e., by the morphism
uk : Lk → Gk, which is Gal (k/k)-equivariant.
2.1.3. It is easy to see that there are no non-trivial quasi-isomorphisms
between Deligne 1-motives. Actually, there is a canonical functor ι :Mfr1 →
Db(Sfppf) which is a full embedding into the derived category of bounded
complexes of sheaves for the fppf-topology on S.
2.1.4. Scholium ([52, Prop.2.3.1]). Let M and M ′ be free 1-motives. Then
Hom
Mfr1
(M,M ′) ∼= HomDb(Sfppf)(ι(M), ι(M ′)).
Proof. The naive filtration of M = [L → G] and M ′ = [L → G′] yields a
spectral sequence
Ep,q1 =
⊕
−i+j=p
Extq(iM, jM ′)⇒Extp+q(M,M ′)
yielding complexes E·,q1
Extq(G,L′)→ Extq(G,G′)⊕ Extq(L, L′)→ Extq(L,G′),
where the left-most non-zero term is in degree -1. We see that Ext0(G,L′)
= Hom(G,L′) = 0 since G is connected and Ext(G,L′) = 0 since L′ is free.
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Thus E0,02 = HomMfr1
(M,M ′) is Ext0(M,M ′) = HomDb(Sfppf)(ι(M), ι(M
′)).

2.2. Hodge realization. The Hodge realization THodge(M) of a 1-motive
M over S = Spec(C) (see [23, 10.1.3]) is (TZ(M),W∗, F
∗) where TZ(M) is
the lattice given by the pull-back of u : L → G along exp : Lie (G) → G,
W∗ is the integrally defined weight filtration
3
WiT (M) :=


TZ(M) i ≥ 0
H1(G) i = −1
H1(T ) i = −2
0 i ≤ −3
and F ∗ is the Hodge filtration defined by F 0(TZ(M)⊗C) := Ker(TZ(M)⊗
C→ Lie (G)). Then we see that THodge(M) is a mixed Hodge structure and
we have grW−1 THodge(M)
∼= H1(A,Z) as pure polarizable Hodge structures
of weight −1.
2.2.1. The functor
THodge :Mfr1 (C) ≃−→ MHSfr1
is an equivalence between the category of 1-motives over C and the category
of torsion free Z-mixed Hodge structures of type
{(0, 0), (0,−1), (−1, 0), (−1,−1)}
such that grW−1 is polarizable. Deligne (cf. [23, §10.1.3]) observed that such
a H ∈ MHSfr1 is equivalent to a 1-motive over the complex numbers. In
fact, for H ∈ MHSfr1 the canonical extension of mixed Hodge structures
(8) 0→ W−1(H)→ H → grW0 (H)→ 0
yields an extension class map (cf. [21])
eH : HomMHS(Z, gr
W
0 (H))→ ExtMHS(Z,W−1(H))
which provides a 1-motive with lattice L := grW0 (HZ) mapping to the semi-
abelian variety with complex points G(C) := ExtMHS(Z,W−1(H)). Summa-
rizing up, any 1-motive M over C has a covariant Hodge realization
M  THodge(M)
and the exact sequence (7) gives rise to the exact sequence (8) of Hodge
realizations.
3Note that H1(G) is the kernel of exp : Lie (G)→ G.
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2.2.2. We have that THodge([0 → Gm]) = Z(1) is the Hodge structure
(pure of weight −2 and purely of type (−1,−1)) provided by the complex
exponential exp : C→ C∗, i.e., here TZ([0→ Gm]) is the free Z-module on
2π
√−1. Recall that for H ∈ MHSfr1 we get H∨ :=Hom(H,Z(1)) ∈ MHSfr1
where Hom is the internal Hom in MHS (see [23]). We have that Z∨ = Z(1).
Moreover
( )∨ :=Hom( ,Z(1)) : (MHSfr1 )
op ≃→ MHSfr1
is an anti-equivalence providing MHSfr1 of a natural involution. We may set
a contravariant Hodge realization given by
M  THodge(M) := THodge(M)
∨
and an induced involution on Mfr1 (C) defined by the formula
M∨ := T−1Hodge ◦ THodge(M).
Actually, such an involution can be made algebraic (see 2.7 below) and is
known as Cartier duality for 1-motives.
2.2.3. Remark that MHSfr1 ⊂ MHS1 where we just drop the assumption
that the underlying Z-module is torsion free and we have that the category
MHS1 is a thick abelian sub-category of (graded polarizable) mixed Hodge
structures. In [9, §1] an algebraic description of MHS1 is given (see 2.9
below). For H ∈ MHS let H(1) denote the maximal sub-structure of the
considered type (= largest 1-motivic sub-structure, for short) and let H(1)
be the largest 1-motivic quotient. For H ′ ∈ MHS1 we clearly have
HomMHS(H
′, H) = HomMHS1(H
′, H(1))
and
HomMHS(H,H
′) = HomMHS1(H
(1), H ′).
In other words the embedding MHS1 ⊂ MHS has right and left adjoints
given by the functors H 7→ H(1) and H 7→ H(1) respectively. Moreover, it is
quite well known to the experts that Ext1MHS1 is right exact and the higher
extension groups ExtiMHS1 (i > 1) vanish since similar assertions hold in
MHS (by Carlson [21]) and the objects of MHS1 are stable by extensions
in MHS. As a consequence, the derived category Db(MHS1) is a full sub-
category of Db(MHS).
2.3. Flat, ℓ-adic and e´tale realizations. Let M = [L
u→ G] be a 1-
motive over S which we consider as a complex of fppf-sheaves over S with
L in degree −1 and G in degree 0. Consider the cone M/m of the multi-
plication by m on M . The exact sequence (7) of 1-motives yields a short
exact sequence of cohomology sheaves
(9) 0→ H−1(G/m)→ H−1(M/m)→ H−1(L[1]/m)→ 0
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as soon as L is torsion-free, i.e.,H−2(L[1]/m) = Ker(L
m→ L) vanishes, since
multiplication by m on G connected is an epimorphism of fppf-sheaves, i.e.,
H0(G/m) = Coker(G
m→ G) vanishes. Here H−1(G/m) = m-torsion of
G and H−1(L[1]/m) = L/m whence the sequence above is given by finite
group schemes. The flat realization
TZ/m(M) :=H
−1(M/m)
is a finite group scheme, flat over S, which is e´tale if S is defined over Z[ 1
m
].
By taking the Cartier dual we also obtain a contravariant flat realization
TZ/m(M) :=Hom fppf(H−1(M/m),Gm).
2.3.1. If ℓ is a prime number then the ℓ-adic realization Tℓ(M) is the inverse
limit over ν of TZ/ℓν (M). We have Tℓ([0 → Gm]) = Zℓ(1) by the Kummer
sequence. The ℓ-adic realization of an abelian scheme A is the ℓ-adic Tate
module of A. In characteristic zero then
T̂ (M) := lim
←−
m
TZ/m(M) =
∏
ℓ
Tℓ(M)
is called the e´tale realization of M . For S = Spec(k), T̂ (Mk), along with
a natural action of Gal (k/k), is a (filtered) Galois module which is a free
Ẑ-module of finite rank. Over S = Spec(k) and k = k we just have
TZ/m(M)(k) =
{(x, g) ∈ L×G(k) | u(x) = −mg}
{(mx,−u(x)) | x ∈ L} .
2.3.2. If k = C we then have a comparison isomorphism T̂ (M) ∼= TZ(M)⊗
Ẑ where TZ(M) is the Z-module underlying to THodge(M) (cf. [11, §1.3]).
2.4. Crystalline realization. Let S0 be a scheme and p a prime number
such that p is locally nilpotent on S0. Now let S0 →֒ Sn be a thickening
defined by an ideal with nilpotent divided powers. Actually, over S0 =
Spec(k) a perfect field of characteristic p > 0 and W(k) the Witt vectors
of k (with the standard divided power structure4 on its maximal ideal) a
thickening Sn = Spec(Wn+1(k)) is given by the affine scheme defined by
the truncated Witt vectors of length n+ 1 (or equivalently by W(k)/pn+1).
Suppose that M0 := [L0 → G0] is a 1-motive defined over S0. Consider
M0[p
∞] := lim
−→
ν
TZ/pν (M0)
the direct limit being taken, in terms of the explicit formula above, for
µ ≥ ν, by sending the class of a point (x, g) in L0 × G0(k) to the class
4Note that for p = 2 the standard divided power structure of Wn(k) is not nilpotent.
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of (pµ−νx, g). Such M0[p
∞] is a p-divisible (or Barsotti-Tate) group and the
sequence (9) yields the exact sequence
(10) 0→ G0[p∞]→ M0[p∞]→ L0[p∞]→ 0
where L0[p
∞] :=L0 ⊗Qp/Zp. For M0 := [0→ A0] an abelian scheme we get
back the Barsotti-Tate group of A0.
2.4.1. Let D be the contravariant Dieudonne´ functor from the category of
p-divisible groups over S0 = Spec(k) to the category of Dk-modules, for the
Dieudonne´ ring Dk := W(k)[F, V ]/(FV = V F = p). This D is defined as
the module of homomorphisms from the p-divisible group to the group of
Witt covectors over k and provides an anti-equivalence from the category of
p-divisible groups over k to the category of Dk-modules which are finitely
generated and free as W(k)-modules (see [26]).
For any such a thickening S0 →֒ Sn the functor D can be further extended
to define a crystal on the nilpotent crystalline site on S0 that is (equiva-
lently given by) the Lie algebra of the associated universal Ga-extension of
the dual p-divisible group, by lifting it to Sn (cf. [42], [1]). Therefore, by
taking D(M0[p
∞]) we further obtain a filtered F -crystal on the crystalline
site of S0, associated to the Barsotti-Tate group M0[p
∞]. Recall that (see
[1]) the category of filtered F -W(k)-modules consists of finitely generated
W(k)-modules endowed with an increasing filtration and a σ-linear5 opera-
tor, the Frobenius F , respecting the filtration. Filtered F -crystals are the
objects whose underlying W(k)-modules are free and there exists a σ−1-
linear operator, the Verschiebung V , such that V ◦ F = F ◦ V = p.
2.4.2. The crystalline realizations of M0 over S0 = Spec(k) are the fol-
lowing filtered F -crystals (see [1, §1.3] where are also called Barsotti-Tate
crystals of the 1-motive M0 and cf. [27] and [36, 4.7]). The contravariant
one is
T crys(M0) := lim
←−
n
D(M0[p
∞])(S0 →֒ Sn)
and the covariant is
Tcrys (M0) := lim
←−
n
D (M0[p
∞]∨) (S0 →֒ Sn)
where M0[p
∞]∨ is the Cartier dual. It follows from (10) that Tcrys(M0)
admits Frobenius and Verschiebung operators and a filtration (respected by
Frobenius and Verschiebung).
5Here σ is the Frobenius on W(k).
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2.4.3. We get Tcrys([0 → Gm]) = W(k)(1) which is the filtered F -crystal
W(k), with filtration Wi = W(k) if i ≥ −2 and Wi = 0 for i < −2 and
with the σ-linear operator F given by 1 7→ 1 and the σ−1-linear operator V
defined by 1 7→ p.
2.5. De Rham realization. The De Rham realization of a 1-motive M =
[L
u→ G] over a suitable base scheme S is obtained via Grothendieck’s idea
of universal Ga-extensions (cf. [42, §4], [23, 10.1.7] and [1]). Consider Ga
as a complex of S-group schemes concentrated in degree 0. If G is any S-
group scheme such that Hom (G,Ga) = 0 and Ext (G,Ga) is a locally free
OS-module of finite rank, the universal Ga-extension is an extension of G
by the (additive dual) vector group Ext (G,Ga)∨ (see [42]).
2.5.1. Now for any 1-motiveM = [L
u→ G] over S, we haveHom (M,Ga) =
0, and by the extension (7) Ext (M,Ga) is of finite rank. Thus we obtain a
universal Ga-extension M
♮, in Deligne’s notation [23, 10.1.7], where M ♮ =
[L
u♮→ G♮] is a complex of S-group schemes6 which is an extension of M
by Ext (M,Ga)∨ considered as a complex in degree zero. Here we have an
extension of S-group schemes
0→ Ext (M,Ga)∨ → G♮ → G→ 0
such that G♮ is the push-out of the universal Ga-extension of the semi-
abelian scheme G along the inclusion of Ext (G,Ga)∨ into Ext (M,Ga)∨.
The canonical map u♮ : L→ G♮ such that the composition
L
u♮→ G♮ →Hom (L,Ga)∨
is the natural evaluation map. The De Rham realization of M is then
defined as
TDR(M) := LieG
♮,
with the Hodge-De Rham filtration given by
F 0TDR(M) := Ker(LieG
♮ → LieG) ∼= Ext (M,Ga)∨
2.5.2. Over a base scheme on which p is locally nilpotent there is a canon-
ical and functorial isomorphism (see [1, Prop. 1.2.8])
(M [p∞])♮ ×M [p∞] G[p∞] ≃−→ G♮ ×G G[p∞]
where (M [p∞])♮ also denotes the universal Ga-extension of a Barsotti-Tate
group. In particular, we have a natural isomorphism of Lie algebras
(11) Lie (M [p∞])♮
≃−→ LieG♮
6Note that G♮ is not the universal Ga-extension of G unless L = 0.
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2.5.3. For S0 a scheme such that p is locally nilpotent andM0 = [L0 → G0]
a 1-motive over S0, let S0 →֒ S be a locally nilpotent pd thickening of S0.
Let M and M ′ be two 1-motives over S lifting M0. We have proven (see
[1, §3]) that there is a canonical isomorphism M ♮ ∼= (M ′)♮ showing that
the universal Ga-extension is crystalline. Define the crystal of (2-terms
complexes of) group schemes M ♮0 on the nilpotent crystalline site of S0 as
follows
M ♮0(S0 →֒ S) :=M ♮
which we called the universal extension crystal of a 1-motive (see [1, §3]).
Applying it to M0 defined over S0 = Spec(k) a perfect field and Sn =
Spec(Wn+1(k)) we see that the De Rham realization is a crystal indeed.
Actually (see [1, §4] for details) the formula (11) yields:
2.5.4. Scholium ([1, Thm. A′]). There is a comparison isomorphism of
F -crystals
Tcrys(M0) = TDR(M)
for any (formal) lifting M over W(k) of M0 over k.
2.5.5. If k = C then the De Rham realization is also compatible with the
Hodge realization; we have
TDR(M) = THodge(M)⊗ C
as bifiltered C-vector spaces, i.e., we have that H1(G
♮,Z) = H1(G,Z) thus
TC(M) := TZ(M)⊗ C ∼= LieG♮ and M ♮ = [L→ TC(M)/H1(G,Z)], see [23,
§10.1.8].
2.6. Paradigma. Let X be a (smooth) projective variety over k = k. Let
PicX/k be the Picard scheme and Pic
0,red
X/k the connected component of the
identity endowed with its reduced structure. Recall that NSX := π0(PicX/k)
is finitely generated and Pic0,redX/k is divisible. Recall that we always have
H1fppf(X, µn) = Pic(X)n−tor
Therefore
Tℓ([0→ Pic0,redX/k ]) = H1fppf(X,Zℓ(1))
If ℓ 6= char(k) then the e´tale topology will be enough.
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2.6.1. Let Pic♮(X) be the group of isomorphism classes of pairs (L,∇)
where L is a line bundle on X and ∇ is an integrable connection on L. In
characteristic zero then there is the following extension
0→ H0(X,Ω1X)→ Pic♮,0(X)→ Pic0(X)→ 0
where Pic♮,0 is the the subgroup of those pairs (L,∇) such that L ∈ Pic0.
The above extension is the group of k-points of the universal Ga-extension
of the abelian variety Pic0X/k, Lie Pic
0(X) = H1(X,OX) and
Lie Pic♮,0(X) = H1DR(X/k)
as k-vector spaces (as soon as the De Rham spectral sequence degenerates).
Moreover, for k = C, the exponential sequence grants
THodge([0→ Pic0X/C]) = H1(X,Z(1)).
2.6.2. In general, for an abelian S-scheme A (in any characteristics cf. [42,
§4]) we have (A∨)♮ = Pic♮,0A/S, so that the dual of A has De Rham realization
TDR([0→ A∨]) = H1DR(A/S)(1)
where the twist (1) indicates that the indexing of the Hodge-De Rham
filtration is shifted by 1 (cf. [11, §2.6.3]).
However, forX (smooth and proper) over a perfect field k of characteristic
p > 0, the k-vector space H1DR(X/k) cannot be recovered from the Picard
scheme (as remarked by Oda [48]). The subspace obtained via the Picard
scheme is closely related to crystalline cohomology (see [48, §5]).
2.6.3. Let X be smooth and proper over a perfect field k of characteristic
p > 0. Let Piccrys,0X/Sn be the sheaf on the fppf site on Sn = Spec(Wn+1(k))
given by the functor associating to T the group of isomorphism classes of
crystals of invertible OcrysX×SnT/T -modules (which are algebraically equivalent
to 0 when restricted to the Zariski site). Such Piccrys is the natural substi-
tute of the previous functor Pic♮ and we can think H1crys as Lie Pic
crys (see
[1] for details, cf. [16]). In fact, the Sn[ε]-points of Pic
crys reducing to the
identity modulo ε are the infinitesimal deformations of OcrysX/Sn . For A0, an
abelian variety over S0 = Spec(k), and an abelian scheme An over Sn lift-
ing A0, the category of crystals of invertible OcrysA0×SnSn[ε]/Sn[ε]-modules over
the nilpotent crystalline site of A0×S0 S0[ε] relative to Sn[ε] is equivalent to
the category of line bundles over An[ε] with integrable connection. Hence,
we have an isomorphism of sheaves over the fppf site of Sn
(A∨n)
♮ ∼= Pic♮,0An/Sn ∼= Pic
crys,0
A0/Sn
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and passing to Lie we get a natural isomorphism of OSn-modules
T crys(A0)⊗OSn ∼= Lie (A∨n)♮ ∼= LiePiccrys,0A0/Sn ∼= H1crys(A0/Sn).
2.6.4. By applying the previous arguments to the Albanese variety Alb(X) =
(Pic0,redX/k )
∨ = A0 we see that Lie Pic
crys,0(Alb(X)) can be identified to the
Lie algebra of the universal extension of a (formal) lifting of Pic0,redX/k to
the Witt vectors. The Albanese mapping is further inducing a canonical
isomorphism7 (cf. [37, II.3.11.2], [16] and [1])
Lie Piccrys,0(Alb(X))
≃−→ Lie Piccrys,0(X).
In conclusion, we have
Tcrys([0→ Pic0,redX/k ]) ∼= H1crys(X/W(k))
for X a smooth proper k-scheme.
2.7. Cartier duality. For H = THodge(M), H
∨ = Hom(H,Z(1)) is an
implicit definition (see 2.2) of the dual M∨ of a 1-motive M over C. In
general, Deligne [23, §10.2.11–13] provided an extension of Cartier duality
to (free) 1-motives showing that is compatible with such Hodge theoretic
involution. The main deal here is the yoga of Grothendieck biextensions
(see [44], [31, VII 2.1)] and [23, §10.2.1]).
2.7.1. A Grothendieck (commutative) biextension P of G1 and G2 by H is
an H-torsor on G1×G2 along with a structure of compatible isomorphisms
of torsors Pg1,g2Pg′1,g2
∼= Pg1g′1,g2 and Pg1,g2Pg1,g′2 ∼= Pg1,g2g′2 (including associa-
tivity and commutativity) for all points g1, g
′
1 of G1 and g2, g
′
2 of G2. Recall
that an isomorphism class of a Grothendieck biextension (as commutative
groups in a Grothendieck topos) can be essentially translated by the formula
(see [31, VII 3.6.5])
Biext(G1, G2;H) = Ext(G1
L⊗G2, H).
Here we further have Ext(G1
L⊗G2, H) = Ext(G1,RHom(G2, H)) and the
canonical spectral sequence
Ep,q2 = Ext
p(G1, Ext q(G2, H)) ⇒ Extp+q(G1,RHom(G2, H))
yields an exact sequence of low degree terms
0→ Ext(G1,Hom (G2, H))→ Biext(G1, G2;H)→ Hom(G1, Ext (G2, H))
→ Ext2(G1,Hom (G2, H))
If Hom (G2, H) = 0 then ∂ : Biext(G1, G2;H) ∼= Hom(G1, Ext (G2, H)).
In particular, for H = Gm and G2 = A an abelian scheme, since A
∨ =
7Note that H0(Alb(X),Ω1X) 6= H0(X,Ω1X) in general, in positive characteristics.
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Ext (A,Gm) for abelian schemes, this isomorphism ∂ reduces to the more
classical isomorphism (cf. [8, 4.1.3] and 2.8 below).
(12) Hom(−, A∨) ≃−→ Biext(−, A;Gm)
given by f 7→ (f × 1)∗P tA pulling back the (transposed) Poincare´ Gm-
bixetension PA of A and A∨, i.e., the functor Biext(−, A;Gm) is repre-
sentable by the dual abelian scheme.
If G1 and G2 are semi-abelian schemes we further have
Biext(A1, A2;Gm) ∼= Biext(G1, G2;Gm)
by pullback from the abelian quotients A1 and A2 (see [31, VIII 3.5-6]).
Actually, we can regard biextensions of smooth connected group schemes
(over a perfect base field) G1 and G2 by Gm as invertible sheaves on G1×G2
birigified with respect to the identity sections (see [31, VIII 4.3]).
2.7.2. Now let Mi = [Li
ui→ Gi] for i = 1, 2 be two 2-terms complexes
of sheaves. A biextension (P, τ, σ) of M1 and M2 by an abelian sheaf H
is given by (i) a Grothendieck biextension P of G1 and G2 by H and a
pair of compatible trivializations, i.e., (ii) a biadditive section τ of the
biextension (1 × u2)∗(P ) over G1 × L2, and (iii) a biadditive section σ of
the biextension (u1 × 1)∗(P ) over L1 × G2, such that (iv) the two induced
sections τ|L1×L2 = σ|L1×L2 coincide.
Let Biext(M1,M2;H) denote the group of isomorphism classes of biex-
tensions. We still have the following fundamental formula (see [23, §10.2.1])
Biext(M1,M2;H) = Ext(M1
L⊗M2, H)
here Ext(M1
L⊗M2, H) = Ext(M1,RHom(M2, H)) where Mi is considered a
complex of sheaves concentrated in degree −1 and 0.
2.7.3. Let M = [L
u→ G] be a 1-motive where G is an extension of an
abelian scheme A by a torus T . The main goal is that the functor on
1-motives
N 7→ Biext(N,M ;Gm)
is representable, i.e., there is a Cartier dual M∨ = [T∨
u∨→ Gu] such that
(13) Hom(N,M∨)
≃−→ Biext(N,M ;Gm)
is given by pulling back the Poincare´ biextension generalizing (12). More
precisely, it is given by ϕ 7→ (ϕ×1)∗P tM where the Poincare´ Gm-biextension
PM is simply obtained from that of A and A∨ by further pullback to G and
Gu according to the above (and below) description. See [23, 10.2.11] and
[11, 1.5] for the construction of M∨ and [8, 4.1.1] for the representability
(13). The Cartier dual can be described in the following way:
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• ForM = [0→ G] we haveM∨ = [T∨ u∨→ A∨] where T∨ = Hom(T,Gm)
is the character group of T and u∨ is the canonical homomorphism
pushing out characters T → Gm along the given extension G of A
by T .
• For M = [L u→ A] we have M∨ = [0 → Gu] where Gu denote the
group scheme which represents the functor associated to Ext(M,Gm).
Here Ext(M,Gm) consists of extensions of A by Gm together with
a trivialization of the pull-back on L. In particular [L → 0]∨ =
Hom(L,Gm).
• In general, the standard extension M = [L → G] of M/W−2M =
[L
u→ A] by W−2M = [0→ T ] provides via Ext(M/W−2M,Gm) the
corresponding extension Gu of A∨ by Hom(L,Gm) and a boundary
map
u∨ : Hom(W−2M,Gm)→ Ext(M/W−2M,Gm)
lifting T∨ → A∨ as above.
2.7.4. A biextension is also providing natural pairings in realizations (see
[31, VIII 2] and [23, 10.2]). In fact, for Grothendieck biextensions we also
have an exact sequence
0→ Ext(G1 ⊗G2, H)→ Biext(G1, G2;H)→ Hom(T or (G1, G2), H)
→ Ext2(G1 ⊗G2, H)
and a natural map Tℓ(G1) ⊗ Tℓ(G2) → Tℓ(T or (G1, G2)) (see [31, VIII
2.1.13]) yielding a map
Hom(T or (G1, G2), H)→ Hom(Tℓ(G1)⊗ Tℓ(G2), Tℓ(H))
which in turns, by composition, provides a map (see [31, VIII 2.2.3])
Biext(G1, G2;H)→ Hom(Tℓ(G1)⊗ Tℓ(G2), Tℓ(H)).
Similarly (non trivially! cf. [23, §10.2.3-9] and [13]) a biextension P
of 1-motives M1 and M2 by H = Gm provides the following pairings:
Tℓ(M1) ⊗ Tℓ(M2) → Tℓ(Gm) and TDR(M1) ⊗ TDR(M2) → TDR(Gm). This
latter pairing on De Rham realizations is obtained by pulling back P to a
♮-biextension P ♮ of M ♮1 and M
♮
2 by Gm. The Poincare´ biextension PM of M
and M∨ by Gm is then providing compatibilities between the Cartier dual
of a 1-motive and the Cartier dual of its realizations. Moreover, over a base
such that p is locally nilpotent, the Poincare´ biextension is crystalline (see
[1, 3.4]) providing the Poincare´ crystal of biextensions P♮0 of M ♮0 and (M∨0 )♮
thus a pairing of F -crystals Tcrys(M0) ⊗ Tcrys(M∨0 ) → Tcrys(Gm). We also
have:
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2.7.5. Scholium ([23, 10.2.3]). If M1 and M2 are defined over C then there
is a natural isomorphism
Biext(M1,M2;Gm) ∼= HomMHS(THodge(M1)⊗ THodge(M2),Z(1))
Over C, all these pairings on the realizations are deduced from Hodge
theory.
2.8. Symmetric avatar. For a Deligne 1-motive M = [L
u→ G] and its
Cartier dual M∨ = [T∨
u∨→ Gu] the Poincare´ biextension PM = (PA, τ, σ) of
M andM∨ byGm is canonically trivialized on L×T∨ by ψ := τ|L×T∨ = σ|L×T∨
given by the push-out map ψχ : G→ χ∗G along the character χ : T → Gm,
i.e., we have
0→ T → G → A → 0
χ ↓ ψχ ↓ ‖
0→ Gm → χ∗G → A → 0
and ψ(x, χ) = ψχ(u(x)) ∈ χ∗Gu(x) = (PA)(u(x),u∨(χ)) where u : L → G→→A
and χ∗G = u
∨(χ). Actually, the data of u : L → A, u∨ : T∨ → A∨ and ψ
determine both M and M∨ under the slogan
trivializations ⇐⇒ liftings
For example, for χ1, . . . , χr a basis of T∨ we can regard G as the the pull-
back of A diagonally embedded in Ar as follows
0→ T → G → A → 0
‖ ↓ ↓
0→ Grm → χ1∗G× · · · × χr∗G → Ar → 0
and (ψ(x, χ1), . . . , ψ(x, χr)) provides a point of G lifting u(x).
2.8.1. The symmetric avatar can be abstractly defined as (L
u→ A,L′ u′→
A′, ψ) where L, L′ are lattices, A′ is dual to A and ψ : L×L′ → (u×u′)∗(PA)
is a trivialization of the Poincare´ biextension when restricted to L × L′
(cf. [23, 10.2.12]). In order to make up a category we define morphisms
between symmetric avatars by pairs of commutative squares such that the
trivializations are compatible, i.e., a map
(L1
u1→ A1, L′1
u′1→ A′1, ψ1)→ (L2 u2→ A2, L′2
u′2→ A′2, ψ2)
is a map f : A1 → A2 along with its dual f ′ : A′2 → A′1 and a pair of liftings
g : L1 → L2 of fu1 and g′ : L′2 → L′1 of f ′u′2 such that
ψ1 |L1×L′2= ψ2 |L1×L′2 .
Here we have used the property that (f × 1)∗(PA2) = (1 × f ′)∗(PA1) for
Poincare´ biextensions. Denote Msym1 this category.
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2.8.2. Scholium ([23, 10.2.14]). There is an equivalence of categories
M 7→ (L u→ A, T∨ u∨→ A∨, ψ) :Mfr1 ≃−→Msym1
Under this equivalence Cartier duality is
(L
u→ A, T∨ u∨→ A∨, ψ) 7→ (T∨ u∨→ A∨, L u→ A,ψt).
2.8.3. For the sake of exposition we sketch how to construct a map of
symmetric avatars out of any biextension (almost proving (13), see [8, 4.1]
for more details). Let (P, τ, σ) be a Gm-biextension of Deligne 1-motivesM1
and M2. Translating via extensions, P corresponds to a map f : A1 → A∨2
and the trivialization τ corresponds to a lifting g : L1 → T∨2 of fu1. Here we
have P  fu1  0 ∈ Hom(L1,Ext(G2,Gm)) = Biext(L1, G2;Gm) where
0→ Hom(G2,Gm)→ T∨2
u∨2→ A∨2 → Ext(G2,Gm)→ 0
granting the existence of g such that u∨2 g = fu1. Moreover fu1  [E] =
0 ∈ Ext(L1 ⊗ G2,Gm) = Biext(L1, G2;Gm) and any section (= trivial-
ization) of such trivial Gm-extension E is exactly given by an element
g ∈ Hom(L1, T∨2 ) = Hom(L1 ⊗ T2,Gm) as above. Since P t corresponds
to the dual f∨ : A2 → A∨1 we have that σ also corresponds to a lifting
g′ : L2 → T∨1 of f∨u2 yielding u∨1 g′ = f∨u2. Moreover, since P is a pull-
back of (f × 1A2)∗(P tA2) then the trivialization τ is the pull-back along
g × 1 : L1 × G2 → T∨2 × G2 of the canonical trivialization ψt2 on T∨2 × G2
given by the identity.8 Since P is also a pull-back of (1A1 × f∨)∗(PA1) the
trivialization σ on G1×L2 is the pull-back of the canonical trivialization ψ1
on G1×T∨1 along 1× g′ : G1×L2 → G1×T∨1 . Thus, if we further pull-back
to L1 × L2 we get
ψt2 |L1×L2= τ |L1×L2= σ |L1×L2= ψ1 |L1×L2
by assumption. We therefore get a map
(L1
u1→ A1, T∨1
u∨1→ A∨1 , ψ1)→ (T∨2
u∨2→ A∨2 , L2 u2→ A2, ψt2)
which turns back a map M1 →M∨2 .
8Note that for the Poincare´ biextension we have that the resulting f , f∨, g and g′ are
all identities.
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2.9. 1-motives with torsion. An effective 1-motive which admits torsion
(see [9, §1] and [8]) is M = [L u→ G] where L is a locally constant (for
the e´tale topology) finitely generated abelian group and G is a semi-abelian
scheme. Here L can be represented by an extension
0→ Ltor → L→ Lfr → 0
where Ltor is finite and Lfr is free. An effective map from M = [L
u→ G]
to M ′ = [L′
u′→ G′] is a commutative square and Homeff(M,M ′) denote
the abelian group of effective morphisms. The corresponding category is
denoted Meff1 . We clearly have that Mfr1 ⊂Meff1 . For M = [L u→ G] we set
(see [9, §1] and [8])
(14)
Mfr := [Lfr
u→ G/u(Ltor)]
Mtor := [Ker(u) ∩ Ltor → 0]
Mtf := [L/Ker(u) ∩ Ltor u→ G]
considered as effective 1-motives. We say that M is torsion if L is torsion
and G = 0, M is torsion-free if Ker(u) ∩ Ltor = 0 and free if L is free.
There are canonical effective maps M → Mtf, Mtor →M and Mtf →Mfr.
2.9.1. A quasi-isomorphism (q.i. for short) of 1-motives M → M ′ is a
q.i. of complexes of group schemes. Actually, an effective map of 1-motives
M = [L
u→ G] → M ′ = [L′ u′→ G′] is a q.i. of complexes if and only if we
have that Ker(u) = Ker(u′) and Coker(u) = Coker(u′) and thus Ker and
Coker of L→ L′ and G→ G′ are equal. Then Coker(G→ G′) = 0, since it
is connected and discrete, and Ker(G → G′) is a finite group. Therefore a
q.i. of 1-motives is given by an isogeny G→ G′ such that L is the pull-back
of L′, i.e.,
0→ E → G → G′ → 0
‖ u ↑ u′ ↑
0→ E → L → L′ → 0
where E is a finite group. We then define morphisms of 1-motives by local-
izing Meff1 at the class of q.i. and thus set
Hom(M,M ′) := lim
−→
q.i.
Homeff(M˜,M
′)
where the limit is taken over q.i. M˜ → M as above. We then have a well-
defined composition of morphisms of 1-motives (see [9, 1.2])
Hom(M,M ′)×Hom(M ′,M ′′)→ Hom(M,M ′′).
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In fact, for any effective morphism M˜ → M ′ and any q.i. M˜ ′ → M ′, there
exists a q.i. M̂ → M˜ together with an effective morphism M̂ → M˜ ′ making
up a commutative diagram (such that M̂ → M˜ ′ is uniquely determined).
2.9.2. Denote the resulting category by M1, i.e., objects are effective 1-
motives and morphisms fromM toM ′ can be represented by a q.i. M˜ → M
and an effective morphism M˜ → M ′. This category has been introduced
in [9] and it is further investigated in [8]. The main basic facts are the
following:
• M1 is an abelian category where exact sequences can be represented
by effective exact sequences of two terms complexes;
• Mfr1 ⊂ M1 is a Quillen exact sub-category such that M 7→ Mfr
is left-adjoint to the embedding, i.e., we have Homeff(Mfr,M
′) =
Hom(M,M ′) for M ∈M1 and M ′ ∈ Mfr1 .
Actually, we have
Homeff(M,M
′) = Hom(M,M ′)
forM ∈M1 and M ′ ∈ Mfr1 . Clearly, this is according with a corresponding
Scholium 2.1.4 for the functor ι :M1 → Db(kfppf) which is still faithful but,
in general, not full for effective morphisms. A key point in order to show
that M1 is abelian is the following.
2.9.3. Scholium ([9, Prop. 1.3]). Any effective morphism M →M ′ can be
factored as follows
M −→M ′
ց ր
M˜
where M → M˜ is an effective morphism such that the kernel of the mor-
phism of semi-abelian varieties is connected, i.e., a strict morphism, and
M˜ →M ′ is a q.i.
For example, in the following canonical factorisation induced by (14)
M −→Mfr
ց ր
Mtf
the effective map M → Mtf is a strict epimorphism with kernel Mtor and
Mtf →Mfr is a q.i.We then always have a canonical exact sequence in M1
0→Mtor →M →Mfr → 0
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We further have that the Hodge realization (see 2.2) naturally extends to
M1(C) (see [9, Prop. 1.5]) and the functor
THodge :M1(C) ≃−→ MHS1
is an equivalence between the category of 1-motives with torsion over C
and the category of Z-mixed Hodge structures introduced in 2.2 above.
Similarly, the other realizations extend to M1, e.g., (cf. [9], [8] and 2.3)
let M/ℓν be the torsion 1-motive (= finite group) given by the cokernel of
ℓν : M → M the effective multiplication by ℓν which is fitting in an exact
sequence (of finite groups)
0→ ℓνM → ℓνL→ ℓνG→ M/ℓν → L/ℓν → 0
and set
Tℓ(M) := lim
←−
ν
M/ℓν
Remark that Cartier duality does not extends toM1: such categoryM1 is
just an algebraic version of MHS1.
2.9.4. In [8] (cf. 2.10 below) we also consider larger categories of non-
connected 1-motives, e.g., [L → G] where G is a reduced group scheme
locally of finite type over k such that G0 is semi-abelian9 and π0(G) is
finitely generated. If M = [L → G] is non-connected we get an effective
1-motive
M0 := [L0 → G0]
where L0 ⊆ L is the subgroup of those elements mapping to G0 and
π0(M) := [L/L0 →֒ π0(G)]
is a discrete object.
2.10. 1-motives up to isogenies. For any additive category C denote CQ
the Q-linear category obtained from C by tensoring morphisms by Q.
Let C1 :=C [−1,0](Shv(ke´t)) be the category of complexes of e´tale sheaves
of length 1 over Spec k. Then C1 and CQ1 are abelian categories. We may
view Mfr1 and Meff1 as full subcategories of C1, hence Mfr,Q1 and Meff,Q1 as
a full subcategory of CQ1 . The abelian category of 1-motives up to isogenies
can be regarded via the following equivalences
Mfr,Q1 ∼=Meff,Q1 ∼=MQ1
since torsion 1-motives vanish and q.i. of 1-motives are isomorphism in
Meff,Q1 . Furthermore, let Mnc1 be the full subcategory of C1 consisting of
non-connected 1-motives, i.e., complexes of the form [L → G] where L
9Note that this condition can also be achieved by Murre’s axiomatic [11, Appendix
A.1].
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is finitely generated and G is a commutative algebraic group whose con-
nected component of the identity G0 is semi-abelian (see [8]). We have
that Mnc1 ⊂ C1 is an abelian (thick) subcategory of C1. For M ∈ Mnc1
we have that M0 →֒ M and M0→→M0fr are isomorphisms in Mnc,Q1 . Thus
Mfr,Q1 ≃−→Mnc,Q1 is an equivalence of abelian categories.
2.10.1. Scholium ([8, 1.1.3]). The category of Deligne 1-motives up to
isogeny is equivalent to the abelian Q-linear category given by complexes
of e´tale sheaves [L → G] where L is (locally constant) finitely generated
and G is a commutative algebraic group whose connected component of the
identity G0 is semi-abelian.
Finally, this category MQ1 is of cohomological dimension ≤ 1, i.e., if
Exti(M,M ′) 6= 0, for M,M ′ ∈ MQ1 , then i = 0 or 1 ([49, Prop. 3.13]) and,
clearly, the Scholium 2.1.4 holds for MQ1 as well.
2.11. Universal realization and triangulated 1-motives. I briefly men-
tion some results from [57], [49] and [8]. Considering the derived category
of Deligne 1-motives up to isogeny we have a ‘universal realization’ in Vo-
evodsky’s triangulated category of motives. Notably, this realization has a
left adjoint: the ‘motivic Albanese complex’.
2.11.1. Recall that any abelian group scheme may be regarded as an e´tale
sheaf with transfers (see [57] for this notion and cf. [43]). Moreover, a
1-motive M = [L → G] is a complex of e´tale sheaves where L and the
extension G of A by T are clearly homotopy invariants. Thus a 1-motive
M gives rise to an effective complex of homotopy invariant e´tale sheaves
with transfers, hence to an object of DMeff−,e´t(k) (see [57, Sect. 3] for motivic
complexes over a field k).
Regarding 1-motives up to isogeny Nisnevich sheaves will be enough as
DMeff− (k;Q)
∼= DMeff−,e´t(k;Q) is an equivalence of triangulated categories (see
[57, Prop. 3.3.2] and [43, Th. 14.22]).
The triangulated category of effective geometrical motives DMeffgm(k;Q)
is the full triangulated sub-category of DMeff− (k;Q) generated by motives of
smooth varieties: here the motive ofX denotedM(X) ∈ DMeff− (k) is defined
in [57] by the Suslin complex C∗ of the representable presheaf with transfers
L(X) associated to X smooth over k. The motivic complexes provided by
1-motives up to isogeny actually belong to DMeffgm(k;Q) (cf. [49] and [8]).
2.11.2. Scholium ([57, Sect. 3.4, on page 218] [49]). There is a fully faith-
ful functor
Tot : Db(MQ1 ) ≃→ d≤1DMeffgm(k) ⊆ DMeffgm(k;Q)
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whose essential image is the thick triangulated subcategory d≤1DM
eff
gm(k) ⊆
DMeff− (k) generated by motives of smooth varieties of dimension ≤ 1.
Actually, in [8] we show that Db(Mfr1 ) = Db(M1) and we also refine
this embedding to an integrally defined embedding of Db(M1)[1/p] (where
p is the exponential characteristic) into the e´tale version DMeffgm,e´t(k) of
Voevodsky’s category. The homotopy t-structure on DMeff−,e´t(k) induces a t-
structure on Db(M1) ∼= d≤1DMeffgm,e´t(k) with heart the category Shv1(k) of
1-motivic sheaves. Here we also have that Tot([0→ Gm]) = Gm[−1] ∼= Z(1)
(see [43, Th. 4.1] and [8]).
2.11.3. ForM ∈ DMeffgm there is an internal (effective) Hom(M,−) ∈ DMeff−
(see [57, 3.2.8]). Set
(15) D≤1(M) :=Hom(M,Z(1))
for any object M ∈ DMeffgm. Actually, D≤1(M) ∈ d≤1DMeffgm (see [8, 3.1.1])
and restricted to d≤1DM
eff
gm is an involution (see [8, 3.1.2]).
On the other hand, Cartier duality for 1-motives M 7→ M∨ is an exact
functor and extends to Db(M1). A key ingredient of [8] is that, under Tot,
Cartier duality is transformed into the involution M 7→ Hom(M,Z(1)) on
d≤1DM
eff
gm(k;Q) given by the internal (effective) Hom above.
2.11.4. Scholium ([8, 4.2]). We have a natural equivalence of functors
η : ( )∨
≃−→ Tot−1D≤1Tot
i.e., under the equivalence Tot we have
Db(MQ1 ) ≃−→ d≤1DMeffgm(k;Q)
( )
∨ ↓ ↓ D≤1
Db(MQ1 ) ≃−→ d≤1DMeffgm(k;Q)
Regarding Tot as the universal realization functor we expect that any
other realization of Db(MQ1 ) (hence of MQ1 ) will be obtained from a real-
ization of DMeffgm(k;Q) by composition with Tot and Cartier duality will be
interchanging homological into cohomological theories.
2.11.5. We show in [8] that Tot has a left adjoint LAlb. Dually, composing
with Cartier duality, we obtain RPic. In order to construct LAlb, let
d≤1 :=D
2
≤1 : DM
eff
gm(k;Q)→ d≤1DMeffgm(k;Q)
denote the functor
(16) d≤1(M) = Hom(Hom(M,Z(1)),Z(1)) ∈ d≤1DMeffgm(k;Q).
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The evaluation map yields a canonical map aM :M → d≤1(M) that induces
an isomorphism
Hom(d≤1M,M
′)
∼−→ Hom(M,M ′)
for M ∈ DMeffgm(k;Q) and M ′ ∈ d≤1DMeffgm(k;Q). In fact, M ′ = D≤1(N) for
some N ∈ d≤1DMeffgm(k;Q) and if C is the cone of aM then
Hom(C,M ′) = Hom(C,D≤1(N)) = Hom(C,Hom(N,Z(1)))
= Hom(C ⊗N,Z(1)) = Hom(N ⊗ C,Z(1)) = Hom(N,D≤1(C)) = 0
since D3≤1 = D≤1.
2.11.6. Scholium ([8, Sect. 2.2]). Define
LAlb : DMeffgm(k;Q)→ Db(MQ1 )
as the composition of d≤1 :=D
2
≤1 in (16) and Tot
−1. It is left adjoint to the
embedding
Tot : Db(MQ1 ) →֒ DMeffgm(k;Q)
and M 7→ aM is the unit of this adjunction.
The Cartier dual of LAlb is RPic = Tot−1D≤1.
2.11.7. These functors provide natural complexes of 1-motives (up to isogeny)
of any algebraic variety X over a field k if char(k) = 0 (for X smooth and k
perfect even if char(k) > 0). Their basic properties are investigated in [8].
We have:
• LAlb(X) :=LAlb(M(X)) the homological Albanese complex which
is covariant on X and, e.g., it is homotopy invariant and satisfies
Mayer-Vietoris;
• LAlbc(X) :=LAlb(M c(X)) the Borel-Moore Albanese complex which
is covariant for proper morphisms and
LAlb(X) = LAlbc(X)
if X is proper;
• LAlb∗(X) :=LAlb(M(X)∗(n)[2n]) the cohomological Albanese com-
plex of X purely n-dimensional, which is contravariant for maps
between varieties of the same dimension and
LAlbc(X) = LAlb∗(X)
ifX is smooth (by motivic Poincare´ dualityM c(X) = M(X)∗(n)[2n],
see [57, Th. 4.3.2]);
and the Cartier duals:
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• RPic(X) :=RPic(M(X)) the cohomological Picard complex which is
contravariant in X ;
• RPicc(X) :=RPic(M c(X)) the compactly supported Picard complex
such that
RPic(X) = RPicc(X)
if X is proper;
• RPic∗(X) :=RPic(M(X)∗(n)[2n]) the homological Picard complex
of X purely n-dimensional, which is covariant for maps between
varieties of the same dimension and
RPicc(X) = RPic∗(X)
if X is smooth.
Remark that the unit
(17) aX : M(X)→ TotLAlb(X)
provide a universal map in DMeffgm(k;Q), the motivic Albanese map, which
is an isomorphism if dim(X) ≤ 1 and it refines the classical Albanese map
and the less classical map in [56].
2.12. 1-motives with additive factors. In order to keep care of non
homotopical invariant theories we do have to include additive factors. This
is also suitable in order to include, in the 1-motivic world, the universal Ga-
extension M ♮ of a Deligne 1-motive M . In order to make Cartier duality
working we cannot simply take [L→ G] where L is (free) finitely generated
and G is a (connected) algebraic group: the Cartier dual of Ga is the formal
group Ĝa, i.e., the connected formal additive k-group (see [26] and [28]
for formal groups). Laumon [38] introduced a generalization of Deligne’s
1-motives in the following sense.
2.12.1. Laumon’s 1-motives over a field k of characteristic zero are given
by
M := [F
u→ G]
where F is a torsion free formal group and G is a connected algebraic group,
i.e., F has a presentation by a splitting extension
0→ F 0 → F → Fe´t → 0
where Fe´t e´tale over k is further assumed torsion free (which means Fe´t(k) =
Zr) and F 0 is infinitesimal (that is given by a finite number of copies of Ĝa)
and G has a presentation
0→ T + V → G→ A→ 0
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where T is a k-torus, V is a k-vector group and A is an abelian variety. The
map u : F → G is any map of abelian fppf-sheaves so that an effective map
M → M ′ is given by a map of complexes concentrated in degrees −1 and
0. Let Ma,fr1 denote this category.
2.12.2. Recall [28, 2.2.2] that we have an antiequivalence between (affine)
algebraic groups and (commutative) formal groups, and, moreover, the fol-
lowing formula (see [38, 5.2.1]) holds: if such a formal group F has Cartier
dual F∨ and A has dual Pic0(A) = A∨ then
Hom(F,A) = Ext(A∨, F∨).
Note that if F = F 0 is infinitesimal then F∨ := Lie (F )∨ (= dual k-vector
space of the Lie algebra) and the extension associated to F → A is here
obtained from the universal Ga-extension Pic
♮ of A∨ by push-out along
H0(A,Ω1A) = Lie (A)
∨ → Lie (F )∨. The Cartier dual (cf. 2.7) of M = [F u→
G] is given by an extension Gu of A∨ by F∨ associated to the composite
F → G→→A and a lifting of u∨ : (T + V )∨ → A∨ to Gu yielding
M∨ := [(T + V )∨
u∨−→ Gu]
Moreover the Poincare´ biextension of M and M∨ by Gm is obtained by
pull-back from that of A and A∨ as usual (see [38, 5.2] for details).
2.12.3. We have the following paradigmatic examples (cf. 2.6 and [38,
5.2.5]). If X is a proper k-scheme then [0 → Pic0X/k] is a 1-motive defined
by the Picard functor whose Cartier dual (= the homological Albanese 1-
motive) is [F → Alb(X)] where Alb(X) = Coker(Alb(X1) → Alb(X0)) is
dual to the abelian quotient of Pic0X/k, Fe´t = Z
r is the character group of
the torus, see (3), and F 0 = Ĝda corresponds to d-copies of Ga in Pic
0
X/k.
Let A be an abelian variety and let [0 → Pic♮,0A/k] the 1-motive determined
by the universal Ga-extension of the dual A
∨. The Cartier dual is [Â→ A]
where Â is the the completion at the origin of A. For A = Alb(X) and
X smooth proper over k (of zero characteristic) we have so described the
Cartier dual of [0→ Pic♮,0X/k].
2.12.4. It seems possible to modify such a category, as we did (see 2.9) for
Deligne 1-motives, in order to include torsion, obtaining an abelian category.
Just consider effective 1-motivesM = [F → G] where F is any formal group,
so that Fe´t may have torsion. However Cartier duality doesn’t extend (here
F∨ would be any, also non connected, algebraic group). Let Ma1 denote
this category. Similarly (cf. Scholium 2.10.1) the category of Laumon 1-
motives up to isogeny is equivalent to the abelian Q-linear category given
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by complexes of sheaves [F → G] where F is a formal group and G is a
commutative algebraic group.
2.12.5. A related matter is the Hodge theoretic counterpart of Laumon’s
1-motives over C providing a generalized Hodge structure catching such
additive factors (see [3]).
Provisionally define a formal Hodge structure (of level ≤ 1) as follows.
A formal group H and a two steps filtration on a C-vector space V , i.e.,
H = H0×He´t, He´t = Zr+torsion, H0 = Ĉd and V 0 ⊆ V 1 ⊆ V = Cn, along
with a mixed Hodge structure on the e´tale part, i.e., say He´t ∈ MHS1 for
short, and a map v : H → V . Regarding the induced map ve´t : He´t → V
we require the following conditions: for HC :=He´t⊗C with Hodge filtration
F 0Hodge and c : He´t → HC/F 0Hodge the canonical map, the following
(18)
He´t
ve´t−→ V
c ↓ ↓ pr
HC/F
0
Hodge
≃−→ V/V 0
commutes in such a way that ve´t yields an isomorphism HC/F
0
Hodge
∼= V/V 0
restricting to an isomorphism W−2HC ∼= V 1/V 0.
Denote (H, V ) for short such a structure and let FHS1 denote the cate-
gory whose objects are (H, V ) and the (obvious) morphisms given by com-
mutative squares compatibly with the data and preserving the conditions
(18), e.g., inducing a map of mixed Hodge structures on the e´tale parts.
Here we then get a forgetful functor (H, V ) 7→ He´t from FHS1 to MHS1,
left inverse of the embedding H 7→ (H,HC/F 0Hodge). Actually we can de-
fine (H, V )e´t := (He´t, V/V
0) and say that a formal Hodge structure is e´tale
if (H, V ) = (H, V )e´t, i.e., if H
0 = V 0 = 0. The full subcategory FHSe´t1 of
e´tale structures is then equivalent to MHS1 via the forgetful functor and the
functor (H, V ) 7→ (H, V )e´t is a left inverse of the inclusion FHSe´t1 ⊂ FHS1.
Remark that (H, V ) with He´t pure of weight zero exists if and only if
V = V 1 = V 0. Thus if v restricts to a map v0 : H0 → V 0 then (H0, V 0) is
a formal substructure of (H, V ) and we have a ‘non canonical’ extension
(19) 0→ (H0, V 0)→ (H, V )→ (H, V )e´t → 0
Say that (H, V ) is connected if (H, V )e´t = 0 and that it is special if
(H0, V 0) := (H, V )0 is a substructure of (H, V ) or, equivalently, (H, V )e´t
is a quotient of (H, V ): the above extension (19) is then characterizing
special structures.
2.12.6. Extending Deligne’s Hodge realization (cf. 2.2) for a given 1-motive
M = [F → G] consider the pull-back T∮ (F ) of F → G along Lie (G) → G.
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Here T∮ (F ) is a formal group and the canonical map T∮ (F ) → Lie (G)
provides the ‘formal Hodge realization’ of M
T∮ (M) := (T∮ (F ),Lie (G))
as follows.
For M = [F
u→ G] over k let V (G) :=Gna ⊆ G be the additive factor and
display G as follows
(20) 0→ V (G)→ G→ G× → 0
where G× is the semi-abelian quotient. We have that Lie (G) is the pull-back
of Lie (G×) and H1(G) = H1(G×). Moreover F = F
0 ×k Fe´t (canonically)
and we can set Me´t := [Fe´t → G×]. The functorM 7→Me´t is a left inverse of
the inclusion of Deligne’s 1-motives. We have that T∮ (F )e´t is an extension
of Fe´t by H1(G×) so that, by construction, the formal group T
∮ (F ) has
canonical extension
0→ F 0 → T∮ (F )→ TZ(Me´t)→ 0
where TZ(Me´t) is the Z-module of the usual Hodge realization (see 2.2)
providing the formula T∮ (F )e´t = TZ(Me´t) = the pullback of Fe´t →֒ F along
T∮ (F )→ F .
Thus (T∮ (F ),Lie (G)) ∈ FHS1 where T∮ (F )e´t is the underlying group of
the Hodge structure THodge(Me´t), the filtration V (G) ⊆ V (G) + Lie (T ) ⊆
Lie (G) is the two steps filtration and the condition (18) is provided by
construction (see 2.2) since TC(Me´t) := TZ(Me´t) ⊗ C ∼= Lie (G♮) (see 2.5,
here M ♮e´t = [Fe´t → G♮] is the universal Ga-extension of Me´t), i.e.,
TZ(Me´t)
ve´t−→ Lie (G)
c ↓ ↓ pr
TC(Me´t)/F
0
Hodge
≃−→ Lie (G×)
commutes and W−2TC(Me´t) ∼= Lie (T ).
Moreover, if u restricted to F 0 is mapped to V (G) we can further set
V (M) := [F 0 → V (G)] fitting in an extension
(21) 0→ V (M)→M → Me´t → 0
providing a ‘non canonical’ extension of the 1-motive (cf. (19), here (21)
becomes (19) by applying T∮ ). Note that Me´t is pure of weight zero if and
only if T∮ (M) = M . For example, if W u→ V is a linear map between
C-vector spaces, and M = [Ŵ
u→ V ] is the induced 1-motive (here Ŵ is the
formal completion at the origin, cf. [38, 5.2.5]) then T∮ (M) = M .
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2.12.7. Scholium ([3]). There is an equivalence of categories
M  T∮ (M) :Ma,fr1 (C) ≃−→ FHSfr1
between Laumon’s 1-motives and torsion free formal Hodge structures (of
level≤ 1) providing a diagram
Mfr1 (C) ≃→ MHSfr1
↑↓ ↑↓
Ma,fr1 (C) ≃→ FHSfr1
Regarding duality for (H, V ) = T∮ (M) such that He´t is free, we can argue
cheaply defining it as follows
T∮ (M)∨ := T∮ (M∨)
After Cartier duality (cf. [38, 5.2]) it is easy to check that this is a self
duality extending the one on MHSfr1 . For example H
∨
e´t :=Hom(He´t,Z(1)) =
(H, V )∨e´t as usual and the Cartier dual of (H, V ) with He´t of weight zero such
that (21) splits M = V (M) ⊕Me´t, is obtained as follows: V (M)∨ is given
by V̂ ∨ → Lie (H0)∨ obtained from the induced map Lie (H0) → V , taking
the dual vector space map V ∨ → Lie (H0)∨ and its completion V̂ ∨ → V ∨
at the origin10 thus
(H0 × Z(0)⊕r, V )∨ = (V̂ ∨ × Z(1)⊕r,Lie (H0)∨ ×G⊕ra )
where the map Z(1)⊕r → G⊕ra is canonically induced from the exponential
map, e.g., in particular (Z(0), 0)∨ = (Z(1),Ga).
2.12.8. Formal Hodge structures11 would pitch in the following diagram
Deligne’s 1-motives
THodge−→ MHS
↑↓ ↑↓
Laumon’s 1-motives
T∮−→ FHS
where
• FHS would be a rigid tensor abelian category which is an enlarge-
ment of MHS and H 7→ He´t would yield a functor from FHS to
MHS, left inverse of the embedding;
10Note that in characteristic zero there is a canonical equivalence of categories between
Lie algebras and infinitesimal formal groups.
11We here mean to deal with arbitrary Hodge numbers. However, for the sake of
brevity, no more details on FHS are provided: generalizing our definition above it’s not
that difficult but it’s more appropriate to treat such a matter separately.
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• T∮ would be fully faithful so that under the realizations Cartier
duality corresponds to a canonical Hom(−,Za(1)) involution.12
2.12.9. Similarly define other realizations, e.g., see [6] where we obtain the
sharp De Rham realization T♯. For example, if F
0 = 0 we can describe T♯
out of the universal Ga-extension M
♮
e´t (see 2.5), defining the algebraic group
G♯ by pull-back via (20) as an extension
0→ Ext(Me´t,Ga)∨ → G♯ → G→ 0
taking Lie (G♯). In this case we thus obtain a canonical extension
0→ V (G)→M ♯ → M ♮e´t → 0
and we can relate to (H, V ) = T∮ (M), where H0 = F 0 = 0, passing to Lie
algebras, by the following pull-back diagram
0
↑
0→ F 0Hodge → HC → HC/F 0Hodge → 0‖ ↑ ↑
0→ Ext(Me´t,Ga)∨ → Lie (G♯)→ Lie (G) → 0
↑
V (G)
↑
0
where He´t = TZ(Me´t), HC = Lie (G
♮), HC/F
0
Hodge = Lie (G×), V
0 =
V (G) ⊆ V = Lie (G). Set H♯
C
:=Lie (G♯) and by the universal property
we get an induced map c♯ : HZ → H♯C providing a splitting of the projec-
tion H♯
C
→→HC and the diagram above can be translated in the following
diagram
(22)
HC → HC/F 0Hodge
↑ ↑
H♯
C
→ V
↑
HC
12Here we clearly have the candidate T∮ ([0 → Gm]) :=Za(1) and a formal version of
Scholium 2.7.5 should be conceivable.
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2.12.10. Remark that, from a different point of view Bloch and Srinivas
[18] proposed a category of enriched Hodge structures EHS whose objects
are pairs E := (H, V·) where H is a mixed Hodge structure and V· is a
diagram (not a complex) · · · = Va+1 = Va → Va−1 → · · · → Vb → 0→ 0 · · ·
of C-vector spaces such that Vi → HC/F i (compatibly with the diagram)
and there is a map HC → Va such that HC → Va → HC/F a is the identity,
thus F a = 0. There is a canonical functor E 7→ H to MHS (with a right
adjoint). It is not difficult to see that EHS1 is equivalent to FHS
s
1 ⊂ FHS1
the subcategory of special formal Hodge structures given by (19). Sharp De
Rham realization also clearly provides an enriched Hodge structure, e.g.,
via (22). In fact, we can refine the construction (22) obtaining a functor
T s♯ : FHS
s
1 → EHS1
by sending
(H, V ) 7→ T s♯ (H, V ) := (He´t, H♯C → V )
where H♯
C
(along with the splitting) is just obtained by pull-back when
H0 = 0 (see [6] for the precise statements and further properties).
3. On 1-motivic (co)homology
In the previous section 2 we have provided realizations as covariant and
contravariant functors from categories of 1-motives to categories of various
kind of structures. Here we draft a picture (which goes back to the algebraic
geometry constructions of section 1) providing 1-motives, i.e., 1-motivic
cohomology, whose realizations are the ‘1-motivic part’ of various existing
(or forthcoming) homology and cohomology theories.
3.1. Albanese and Picard 1-motives. Let X be a complex algebraic
variety and letH∗(X,Z) be the mixed Hodge structure on the singular coho-
mology of the associated analytic space. DenoteH∗(1)(X,Z(·)) ⊆ H∗(X,Z(·))
the largest substructure andH∗(X,Z(·))(1) the largest quotient in MHS1 (cf.
2.2).
3.1.1. Deligne’s Conjecture ([23, 10.4]). Let X be a complex algebraic
variety of dimension ≤ n. There exist algebraically defined 1-motives whose
Hodge realizations over C are H i(1)(X,Z(1))fr, H
i(X,Z(i))
(1)
fr for i ≤ n and
H i(X,Z(n))
(1)
fr for i ≥ n and similarly for ℓ-adic and De Rham realizations.
The results contained in [22], [11], [50], [51], [9] and [1] show some cases
of this conjecture. Over a field k, char(k) = 0, with the notation of [11]:
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• Pic+(X) which reduces to (2) ifX is smooth (or to the simplicial Pic0
if X is proper) provides an algebraic definition of H1(1)(X,Z(1))fr =
H1(X,Z(1));
• Alb+(X) is an algebraic definition ofH2n−1(X,Z(n))fr for n = dim(X);
• Pic−(X) = Alb+(X)∨ is an algebraic definition of H2n−1(X,Z(1 −
n));
• Alb−(X) = Pic+(X)∨ which reduces to Serre Albanese ifX is smooth,
is an algebraic definition of H1(X,Z)fr.
Moreover, in [9] we have constructed effective 1-motives with torsion:
• Pic+(X, i) for i ≥ 0 providing an algebraic definition ofH i+1(1) (X,Z(1))fr
up to isogeny.
Actually, for Y a closed subvariety ofX we have Pic+(X, Y ; i) (=Mi+1(X, Y )
in the notation of [9]) such that Pic+(X, ∅; 0) = Pic+(X). These Pic+(X, Y ; i)
are obtained using appropriate ‘bounded resolutions’ which also provide a
canonical integral weight filtrationW on the relative cohomologyH∗(X, Y ;Z)
(see [9, 2.3]).
3.1.2. Scholium ([9, 0.1]). There exists a canonical isomorphism of mixed
Hodge structures
φfr : THodge(Pic
+(X, Y ; i))fr
≃−→W0H i+1(1) (X, Y ;Z(1))fr
and similarly for the l-adic and de Rham realizations.
This implies Deligne’s conjecture on H∗(1)(X,Z(1))fr up to isogeny and
in cohomological degrees ≤ 2 even without isogenies by dealing with such
1-motives with torsion. The conjecture without isogeny is reduced to
H∗(1)(X, Y ;Z)fr =W2H
∗
(1)(X, Y ;Z)fr.
Here the semiabelian part of Pic+(X, Y ; i) yields W−1H
j
(1)(X, Y ;Z(1))fr
and the torus corresponds to W−2H
j
(1)(X, Y ;Z(1))fr.
3.1.3. In [1] we have also formulated a corresponding statement 3.1.1 for
the crystalline realization. Recall that de Jong [34, p. 51-52] proposed a
definition of crystalline cohomology13 forcing cohomological descent. Let X
be an algebraic variety, over a perfect field k, de Jong’s theory [34] provide
a pair (X·, Y·) where X· is a smooth proper simplicial scheme, Y· is a
normal crossing divisor inX· and X·−Y· is a smooth proper hypercovering
of X . Set H∗crys(X/W(k)) :=H
∗
logcrys(X·,Log Y·) where (X·,Log Y·) here
denotes the simplicial logarithmic structure on X· determined by Y· (see
13Note that we can also deal with rigid cohomology and everything here can be
rephrased switching crystalline to rigid.
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[1, §6]). The question here (cf. [34]) is that H∗crys(X/W(k)) is not a priori
well-defined. Similarly to [9, 2.3] we may also expect a weight filtration W∗
on the crystalline cohomology H∗crys((X, Y )/W(k)) of a pair (X, Y ).
Over a perfect field, using de Jong’s resolutions, it is easy to obtain an
appropriate construction of Pic+(X, Y ; i) such that Pic+(X, ∅; 0) = Pic+(X)
as above. In [1, Appendix A] we have shown that Pic+(X) is really well-
defined and independent of the choices of resolutions or compactifications.
However, it is not clear, for i > 0, if Pic+(X, Y ; i) is integrally well-defined:
the 1-motive is well-defined up to p-power isogenies in characteristic p by
[1, A.1.1] and a variant of [9, Thm. 3.4] for ℓ-adic realizations with ℓ 6= p.
3.1.4. Crystalline Conjecture ([1, Conj. C]). Let H∗crys,(1)((X, Y )/W(k))
denote the submodule of W2H
∗
crys((X, Y )/W(k)) whose image in gr
2
W is gen-
erated by the image of the discrete part of Pic+(X, Y ; i) under a suitable cy-
cle map. Then there is a canonical isomorphism (eventually up to p-power
isogenies)
Tcrys(Pic
+(X, Y ; i))
≃−→ H i+1crys,(1)((X, Y )/W(k))(1)
of filtered F -W(k)-modules (i.e., we expect a crystalline analogue of 3.1.1).
We can show this statement for i = 0 and Y = ∅ (see [1, Thm. B′]). The
corresponding general statement for De Rham cohomology over a field of
characteristic zero is [9, Thm. 3.5].
3.1.5. According with the program in [8] these Pic+(X, Y ; i) would get
linked to Voevodsky’s theory of triangulated motives as follows. The covari-
ant functorM : Sm/k → DMeffgm(k) from the category of smooth schemes of
finite type over k (a field admitting resolution of singularities) extends to all
schemes of finite type (see [57, §4.1]). Thus the motivic Albanese complex
LAlb(X) and the motivic Picard complex RPic(X) are well-defined for any
such scheme X (and similarly for the other complexes, see 2.11.7). Consider
the (co)homology 1-motives (up to isogenies) Hi(LAlb(X)) :=LiAlb(X) and
H i(RPic(X)) :=RiPic(X) for i ∈ Z. We have that
RiPic(X) = LiAlb(X)
∨
by motivic Cartier duality (see Scholium 2.11.4).
3.1.6. LAlb - RPic Hypothesis (cf. [8]). We assume the following pic-
ture (up to isogeny):
• THodge(LiAlb(X)) = Hi(X,Z)(1)fr = 1-motivic singular homology mixed
Hodge structure;
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• THodge(LiAlbc(X)) = HBMi (X,Z)(1)fr = 1-motivic Borel-Moore ho-
mology mixed Hodge structure;
• THodge(LiAlb∗(X)) = H2n−i(X,Z(n))(1)fr = 1-motivic Tate twisted
singular cohomology mixed Hodge structure of X n-dimensional;
and dually:
• THodge(RiPic(X)) = H i(1)(X,Z(1))fr = 1-motivic singular cohomol-
ogy mixed Hodge structure;
• THodge(RiPicc(X)) = H ic,(1)(X,Z(1))fr = 1-motivic compactly sup-
ported cohomology mixed Hodge structure;
• THodge(RiPic∗(X)) = H2n−i,(1)(X,Z(1−n))fr = 1-motivic Tate twisted
singular homology of X n-dimensional.
Similar statements for ℓ-adic, De Rham and crystalline realizations are also
workable (providing a positive answer to 3.1.1 and 3.1.4).
It is not difficult (see [8]) to compute these 1-motivic (co)homologies for
X smooth or a singular curve. We recover in this way Deligne-Lichtenbaum
motivic (co)homology of curves (cf. [23] and [39]). The picture above also
recover the previously mentioned Picard and Albanese 1-motives as follows
L1Alb(X) = Alb
−(X) L1Alb
∗(X) = Alb+(X)
and
R1Pic(X) = Pic+(X) R1Pic
∗
(X) = Pic−(X).
Finally, for i ≥ 1, we should get a formula like that
RiPic(X, Y ) = Pic+(X, Y ; i−1) LiAlb(X, Y ) = Alb−(X, Y ; i−1)
with the obvious meaningful notation adopted above.
3.2. Hodge 1-motives. We shortly explain the point of view developed in
[5] extending Deligne’s philosophy 3.1.1 to algebraic cycles in higher codi-
mension (cf. 1.3.1). The starting point is by looking at the side of 3.1.2
which provides a Lefschetz theorem on (1, 1)-classes, i.e., in degrees > 1.
See also [10].
3.2.1. Define NS+(X, Y ; i) for i ≥ 0 as the quotient of Pic+(X, Y ; i+1) by
its toric part and consider the extension
0→W−2 → Pic+(X, Y ; i+ 1)→ NS+(X, Y ; i)→ 0
It follows from 3.1.2 up to isogeny
THodge(NS
+(X, Y ; i)) = W0H
2+i
(1) (X, Y ;Z(1))/W−2
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given by the extension
0→ grW1 →W2H2+i(X, Y ;Z)/W0 → grW2 → 0
pulling back (1, 1)-classes in grW2 (and twisting by Z(1)). We may call
NS+(X, Y ; i) the Hodge-Lefschetz 1-motive since, e.g., if X is smooth proper
and Y = ∅ we obtain NS+(X ; 0) = NS(X) and NS+(X ; i) = 0 for i 6= 0.
3.2.2. Set H :=H2p+i(X, Y ;Z) for a fixed p ≥ 1 and i ≥ −1 and consider
0→ grW2p−1H →W2pH/W2p−2H → grW2p H → 0
given by the integral weight filtration (see [9]). Consider the integral (p, p)-
classes Hp,p
Z
:= HomMHS(Z(−p), grW2p H) and the associated intermediate ja-
cobian Jp(H) := Ext(Z(−p), grW2p−1H) which is just a complex torus if p > 1
(see [21]). Consider the largest abelian subvariety Ap(H) of the torus Jp(H)
which corresponds to the maximal polarizable substructure of grW2p−1H purely
of types {(p−1, p), (p, p−1)}. Define the group of Hodge cyclesHp(H) as the
preimage inHp,p
Z
of Ap(H) under the extension class map ep : Hp,p
Z
→ Jp(H).
Define the Hodge 1-motive by
ep : Hp(H)→ Ap(H)
and the corresponding mixed Hodge structure Hh ∈ MHS1.
3.2.3. Anodyne Hodge Conjecture (cf. [5, 2.3.4]). Let X be an al-
gebraic variety and Y a closed subvariety defined over a perfect field k.
There exist algebraically defined 1-motives with torsion Ξi,p(X, Y ) ∈ M1(k)
whose Hodge realization over k = C are H2p+i(X, Y ;Z)h ∈ MHS1, i.e.,
here H2p+i(X, Y ;Z) is the associated mixed Hodge structure (for p ≥ 1 and
i ≥ −1) so that
THodge(Ξ
i,p(X, Y )) ∼= H2p+i(X, Y ;Z)h
and similarly for ℓ-adic, De Rham and crystalline realizations.
For p = 1 this is ‘almost’ true (≈ Deligne’s conjecture 3.1.1 and 3.1.2
but 3.1.4) and it follows from 3.2.1 and Ξi,1(X, Y ) = NS+(X, Y ; i). One
can also easily formulate a homological version of 3.2.3. Recall that for X
smooth proper purely n-dimensional and Y +Z normal crossing divisors on
X (in particular when X = X − Z and Y ∩ Z = ∅) we have
H2p+i(X − Z, Y ;Z(p)) ∼= H2r−i(X − Y, Z;Z(−r)) (p = n− r)
as mixed Hodge structures (see [11, 2.4.2]). For X smooth and proper (here
we assume that Y = Z = ∅ and X = X) we get H2p+i(X,Z)h 6= 0 if and
only if i = −1, 0 and 3.2.3 reduces to the quest of an algebraic definition
of Ap ⊆ Jp or Hp,p
Z
respectively. Classical Grothendieck-Hodge conjecture
then provides candidates up to isogeny.
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3.2.4. For X a smooth proper C-scheme we can consider Jpa (X) ⊆ Jp(X)
the image of CHp(X)alg (cf. 1.3.1) under the Abel-Jacobi map: the usual
Grothendieck-Hodge conjecture claims that Jpa (X) is the largest abelian
variety in Jp(X), i.e., that Ap = Jpa (up to isogeny) and H
2p−1(X,Z)h is
algebraically defined via the coniveau filtration. Similarly, the image of
NSp(X) generates Hp,p
Z
(with Q-coefficients). In the most wonderful world
(mathematics!?) the 1-motivic sheaf (CHpX)
(1) in 1.3.1 could make the
job providing an algebraically defined extension of Hp,p
Z
by Jpa compatibly
with (6) (here Jpa would also coincide with the universal regular quotient of
CHp(X)alg when X is smooth and proper).
If X is only proper then let π : X· → X be a resolution and consider the
Chow groups of each component Xi of X· (which are proper and smooth).
Let (NSp)• and (Jpa)
• denote the complexes induced by the simplicial struc-
ture and similarly to (6) we obtain an extension of (NSp)• by (Jpa )
•. By
taking homology groups we then get boundary maps
λia : H
i((NSp)•)→ H i+1((Jpa )•).
3.2.5. Hodge Conjecture ([5, 2.3.4]). The boundary map λia behave well
with respect to the extension class map ep yielding a motivic cycle class map,
i.e., the following diagram
H i((NSp)•)
λia→ H i+1((Jpa )•)
↓ ↓
H2p+i(X)p,p
ep→ Jp(H2p+i(X))
commutes.14 The image 1-motive (up to isogeny) is the Hodge 1-motive
Ξi,p(X) corresponding to H2p+i(X,Z)h.
Moreover, one might then guess that the complex of 1-motivic sheaves
(CHpX·)(1) would provide such Hodge 1-motive directly.
3.3. Non-homotopical invariant theories. A typical problem occurring
with homotopical invariant theories attached to singular varieties is that
they do not catch some informations coming from the singularities. In
general, the cohomological Picard 1-motive Pic+(X) of a proper scheme
X is given by the semi-abelian quotient of Pic0(X) (see Scholium 1.1.2).
Loosing its additive components we loose informations, e.g., we don’t see
cusps. In order to reach the full picture here we have to enlarge our target to
Laumon’s 1-motives at least. A natural guess is that our 1-motives are only
14Note that all maps in the square are canonically defined.
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the e´tale part of Laumon’s 1-motives, i.e., there exists Pic+a (X, Y ; i) ∈Ma1
such that
Pic+a (X, Y ; i)e´t = Pic
+(X, Y ; i)
and similarly RPica(X) ∈ Db(Ma1) (cf. 3.1.6), Ξi,pa (X) ∈ Ma1 such that
Ξi,pa (X)e´t = Ξ
i,p(X) (cf. 3.2.3), etc.15
Their geometrical sources are additive Chow groups and their universal
regular quotients, cf. [17] and, by the way, see [24] for a construction of
an additive version of the cohomological Albanese Alb+a (X) of a projective
variety X , i.e., here Alb+a (X)e´t = Alb
+(X) = L1Alb
∗(X), etc. as above.
Similarly, for X quasi-projective, we expect a formal part defining Alb+a (X)
as a Laumon 1-motive.
3.3.1. The forthcoming theories are sharp cohomology theories, e.g., ♯-
singular cohomology X  H∗♯ (X) ∈ FHS for X over C, ♯-De Rham co-
homology H∗♯−DR(X) of X k-algebraic over a field k of zero characteris-
tic and ♯-crystalline cohomology in positive characteristics, which are non-
homotopical invariant theories. Sample
H1♯ (X) := T
∮ (Pic+a (X))
Here Pic+a (X) = [0→ Pic0(X)] if X is proper: in this case, define the group
scheme Pic♯ by the following pull-back square (cf. (22), 2.6.1, 1.1.2 and [11,
4.5])
(23)
Pic♮(X·) → Pic(X·)↑ ↑
Pic♯(X) → Pic(X)
such that
• Ker(Pic♯,0(X)→→Pic0(X)) = H0(X·,Ω1X·) and
• Ker(Pic♯,0(X)→→Pic♮,0(X·)) is the additive subgroup ⊆ Pic0(X);
then
H1♯−DR(X) :=Lie Pic
♯,0(X)
so that H1♯−DR(X) is an extension of H
1
DR(X) by the additive part of
Pic0(X).
15Note that such Laumon 1-motives should rather be visible from a triangulated view-
point! There should be a “sharp” cohomological motive M♯(X) in a triangulated cat-
egory DM♯, related to Voevodsky category of motivic complexes, with a realisation in
Db(FHS). The conjectural formalism for motivic complexes should be translated for
♯-motivic complexes.
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3.3.2. Similarly, remark that (see [18]) for E = (H, V·) ∈ EHS there is a
surjection
ExtEHS(Z(0), E)→→ExtMHS(Z(0), H)
and the kernel of this map is a vector space if H = H2r−1(X,Z(r)) and
Vi = H
2r−1(X,OX → · · · → Ωi−1X )(r), where X is a proper C-scheme; in
particular, if X is the cuspidal curve then ExtEHS(Z(0), E) is the additive
group Ga = Pic
0(X).
3.4. Final remarks. Hoping to have puzzled the reader enough to procede
on these matters I would finally remark that this exposition is far from being
exhaustive.
3.4.1. For example, for S = Spec(R) where R is a complete discrete valu-
ation ring and K its function field, a 1-motive over K with good reduction
(resp. potentially good reduction) is defined (in [52]) by the property of
yielding a 1-motive over R (resp. after a finite extension of K). To any 1-
motive M = [L→ G] over K is canonically associated (see [52] for details)
a strict 1-motive over K, i.e., M ′ = [L′ → G′], such that G′ has potentially
good reduction, a quasi-isomorphism M ′rig → Mrig in the derived category of
bounded complexes of fppf-sheaves on the rigid site of Spec(K), producing
a canonical isomorphism Tℓ(M
′) ∼= Tℓ(M) between the ℓ-adic realizations,
for any prime ℓ. For a strict 1-motive M = [L→ G] over K, the geometric
monodromy µ : L× T∨ → Q (where T∨ is the character group of the torus
T ⊆ G) is defined by valuating the trivialization of the Poincare´ biexten-
sion. The geometric monodromy is zero if and only if M has potentially
good reduction. This theme is further investigated in [14].
3.4.2. The employ of 1-motives in arithmetical geometry is well testified,
e.g., see [20], [53], [25], [33] and [36]. Note that in [7] we also investigate
L-functions with respect to Mordell-Weil and Tate-Shafarevich groups of
1-motives. Also the theme of 1-motivic Galois groups is afforded. For M a
1-motive over a field k of zero characteristic let M⊗ be the Tannakian sub-
category generated by M in suitable mixed realisations (hopefully mixed
motives). The motivic Galois group of M , denoted Galmot(M), is the fun-
damental group of M⊗. The group Galmot(M) has an induced weight fil-
tration W∗ and the unipotent radical W−1Galmot(M) has a nice characteri-
sation (see [15] for details). Furtehrmore, Fontaine’s theory relating p-adic
mixed Hodge structures over a finite extension K of Qp to mixed motives
would provide categories of 1-motives over the p-adic field K (see [27]).
3.4.3. Passing from 1-motives to 2-motives is conceivable but (even conjec-
turally) harmless. A general guess is that there should be abelian categories
M0 ⊆M1 ⊆ · · · ⊆ M
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where M0 = Artin motives, M1 = 1-motives and further on we have cat-
egories of n-motives Mn which can be realized as Serre subcategories of
cohomological dimension ≤ n of the abelian category M of mixed motives.
Assuming the existence of M a source of inspiration is [29], [57] and [12]:
such Mn would be somehow ‘generated’ by motives of varieties of dimen-
sion ≤ n and M(X), the motive of X smooth and projective, decomposes
as ⊕M i(X)[−i] where M i(X) ∈ Mi such that M i(X) = M2d−i(X) for
d = dim(X).
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